
Designs for Correlated Response Models with an Unknown Dispersion
Matrix

Sourish Saha 1∗ and André I. Khuri 2
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Abstract: This paper deals with the comparison of designs for correlated response
models with an unknown variance-covariance matrix. The novelty of the proposed
approach lies in combining the Quantile Dispersion Graphs (QDGs) technique with
the power of the multivariate test for the equality of parameters from such models.
The approach is based on considering the quantiles of a certain criterion function
(namely, power of three multivariate tests) on concentric surfaces within a particu-
lar region of the so-called alternative space. The dependence of these quantiles on
the unknown values of the variances and covariances obtained from the variance-
covariance matrix, is depicted by plotting the so-called QDGs of the criterion func-
tion. These plots provide a clear assessment of the magnitude of the power value
associated with a given design. A numerical example is presented for illustration.
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1 Introduction

Various authors discussed the problem of obtaining exact or approximate tests for

comparing two independent regression models; see, for example, Ali and Silver

(1985) and Conerly and Mansfield (1988). The problem of comparing correlated

response models was discussed by Zellner (1962). A major drawback of his pro-

cedure is that it requires an estimate of the variance-covariance matrix, Σ, to be

used instead of Σ. To circumvent the problem of an unknown Σ, Smith and Choi
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(1982) developed an exact method to compare two correlated response models with-

out having the need to estimate Σ. Khuri (1986) introduced a general procedure

involving exact multivariate tests for the equality of parameters from several corre-

lated response models with an unknown Σ. This procedure assumed the response

models to be of the same form and to contain the same set of control variables.

The present article deals with the comparison of designs for correlated response

models with an unknown variance-covariance matrix, Σ. The novelty of our ap-

proach lies in applying the quantile dispersion graphs approach (see Saha and Khuri

(2006a) for a review of related literature) in an investigation of the power of several

multivariate tests concerning such models (Khuri (1986)). Our proposed approach

is based on considering quantiles of a certain criterion function (namely, power of

each of three multivariate tests) on concentric surfaces within a particular region of

the so-called alternative space. The dependence of these quantiles on the unknown

values of the variances and correlations obtained from the variance-covariance ma-

trix, Σ is depicted by plotting the so-called quantile dispersion graphs (QDGs) of

the criterion function. These plots provide a clear assessment of the magnitude of

the power value associated with a given design. A numerical example is presented

to illustrate the proposed methodology. Power comparisons of the four multivariate

tests, namely, Roy’s largest root, Wilks’ likelihood ratio, Hotelling-Lawley’s trace,

and Pillai’s trace were considered by several authors (see Pillai and Jayachandran

(1967), Roy et al. (1971, chap. 5), Seber (1984, sec. 8.6.2)). Pillai (1977) gave

an illuminating review of the non-null distributions of characteristic roots in mul-

tivariate analysis.

This article is organized as follows: Section 2 introduces correlated response models

and the hypothesis of interest. The development of the corresponding multivariate

test is discussed in Section 3. The design-criteria functions for comparing designs

for such models are developed in Section 4. The QDG approach is explained in

Section 5. This is followed by a numerical example in Section 6 to illustrate the

proposed methodology. Finally, concluding remarks concerning future research are
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presented in Section 7.

2 Correlated Response Models

Let us consider a system of r correlated response variables, y1, y2, . . ., yr, each

of which depends on the same p control variables denoted by x1, x2, . . ., xp. The

functional relationship between yi (i = 1, 2, . . ., r) and x1, x2, . . ., xp is represented

by a linear model of the form

yi = βi0 +

p∑
k=1

βikxk + εi, i = 1, 2, . . . , r, (1)

where βi0 and the βik’s are unknown parameters and εi is a random error associated

with the ith response(i = 1, 2, . . ., r). The above r models can have different design

matrices. Assuming each design consists of n experimental runs and if X i denotes

the n × p design matrix for the ith response model(i = 1, 2, . . ., r), then these r

models can be written in vector form as

yi = βi01n + X iβi + εi, i = 1, 2, . . . , r, (2)

where yi is an n × 1 vector of observations on the ith response, 1n is an n × 1

vector of ones, βi = (βi1, βi2, . . . , βip)
′, the matrix X i is assumed to be of rank p,

and εi is a vector of random errors associated with the n observations from the ith

response(i = 1, 2, . . ., r). The following is a multivariate formulation of the above

models

Y = 1nβ
′
0 + XB + ε (3)

where
Y = (y1 : y2 : · · · : yr)

β′
0 = (β10, β20, . . . , βr0)

X = (X1 : X2 : · · · : Xr)

B = diag(β1, β2, . . . ,βr)

ε = (ε1, ε2, · · · , εr)

(4)
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are matrices of orders n× r, 1× r, n× (pr), (pr)× r and n× r, respectively, and

diag means that the matrix B is block diagonal. It is assumed that the rows of

ε are independent random vectors from multivariate normal distribution N(0,Σ)

with an unknown variance-covariance matrix Σ of order r × r and rank r.

Let us consider the following hypothesis H0 : β10 = β20 = · · · = βr0; β1 = β2 =

· · · = βr against Ha : βi0 6= βl0 for some i 6= l = 1, 2, . . . , r; or βm 6= βu for some

m 6= u = 1, 2, . . . , r. This is known as the hypothesis of concurrence.

3 Development of a Multivariate Test

Consider the multiresponse model (3). Let ρ denote the rank of X. Note that since

each X i(i = 1, 2, . . ., r) in X is of rank p, we have p ≤ ρ ≤ pr. We shall assume

that r ≤ n− ρ. Let C be the r × (r − 1) matrix of rank r − 1:

C =



1 1 1
−1 0 0

0 −1 · · · 0
0 0 0
...

...
...

0 0 −1


(5)

From model ((3)) we obtain

Y C = 1nβ
′
0C + XBC + εC (6)

The rows of the matrix εC in (6) are independent random vectors from the mul-

tivariate normal distribution N(0,Σc), where Σc = C ′ΣC. The matrix BC is of

order pr × (r − 1) and has the form

BC =



β1 β1 β1

−β2 0 0
0 −β3 · · · 0
0 0 0
...

...
...

0 0 −βr


(7)
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The null hypothesis H0 can be expressed as

H0 : β′
0C = 0′, WBC = 0,

where W is a matrix of order p× (pr) of the form

W = (Ip : Ip : · · · : Ip) (8)

where Ip is the identity matrix of the order p× p. Model ((6)) and the hypothesis

H0 can be rewritten as

Y C = ZΓ + εC (9)

and

H0 : GΓ = 0 (10)

where Z = (1n : X), Γ and G are the matrices

Γ =

[
β′

0C
bC

]
(11)

and

G =

[
1 0′

1

02 W

]
(12)

where 0′
1 and 02 are zero vectors of orders 1 × (pr) and p × 1 respectively. Note

that G is of full row rank equal to p + 1.

The development of a multivariate test for testing H0 depends on Roy’s union-

intersection principle. This is illustrated as follows (see Khuri (1986) for details):

Let a = (a1, a2, . . . , ar−1)
′ be an arbitrary nonzero vector of order (r − 1) × 1.

The multivariate model given in(9) can be reduced to a univariate model by the

transformations ya = Y Ca, ζa = Γa, and εa = εCa. Then,

ya = Zζa + εa (13)

Note that εa ∼ N(0, σ2
aIn), where σ2

a = a′C ′ΣCa. The multivariate hypothesis

stated in (10) also reduces to the univariate hypothesis

H0(a) : Gζa = 0 (14)
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Clearly, H0 is true if and only if H0(a) is true for all a 6= 0. But, for each a 6= 0, the

hypothesis H0(a) is a general linear hypothesis associated with the univariate model

(13). The hypothesis can, therefore, be rejected for large values of the statistic

R(a) =
y′

aZ(Z ′Z)−G′[G(Z ′Z)−G′]−1G(Z ′Z)−Z ′ya

y′
a [In −Z(Z ′Z)−Z ′] ya

(15)

where (Z ′Z)− is a generalized inverse of Z ′Z. This statistic is invariant to the

choice of the generalized inverse (see Searle 1971, sec. 5.5). Since ya = Y Ca, then

R(a) can be rewritten as

R(a) = (a′Sha)/(a′Sea) (16)

where

Sh = C ′Y ′Z(Z ′Z)−G′[G(Z ′Z)−G′]−1G(Z ′Z)−Z ′Y C (17)

and

Se = C ′Y ′ [In −Z(Z ′Z)−Z ′]Y C (18)

The matrices Sh and Se are called, respectively, the matrix due to the hypothesis

and the matrix due to the error. The matrix Se, under the condition n−ρ−1 ≥ r−1,

has the central Wishart distribution W (n − ρ − 1, C ′ΣC) with n − ρ − 1 degrees

of freedom. Since G in (10) is of full row rank equal to p + 1, Sh is independent

of Se and has the noncentral Wishart distribution W (p + 1, C ′ΣC,Ω) with p + 1

degrees of freedom and noncentrality parameter matrix given by (see Seber 1984,

p.414)

Ω = (C ′ΣC)
−1

Γ′G′[G(Z ′Z)−G′]−1GΓ (19)

Roy’s largest root test statistic is given by (see Khuri (1986, p. 350)) emaxShS
−1
e ,

which denotes the largest eigenvalue of the matrix ShS
−1
e . Other multivariate test

statistics for testing H0 include the following:

Wilks’s likelihood ratio: Λ = [det(Se)]/[det(Se + Sh)],

Hotelling-Lawley’s trace: U = tr(ShS
−1
e ), and

Pillai’s trace: V = tr[Sh(Sh + S−1
e )−1].
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3.1 A Special Case

As a special case, let us consider two independent regression models,

yi = X iβi + εi, i = 1, 2, (20)

where yi is an ni × 1 vector of observations on the response variable for the ith

model, X i is a known matrix of order ni× p and rank p, and βi is a p× 1 vector of

unknown parameters (i = 1, 2). It is assumed that the εi’s are normally distributed

random vectors with E(εi) = 0, E(εiε
′
i) = σ2

i Ini
for i = 1, 2, and E(ε1ε

′
2) = 0. A

reasonable hypothesis of interest is H0 : β1 = β2, with the alternative Ha : β1 6= β2.

The likelihood ratio test for H0 when σ2
1/σ

2
2 is known is based on the test statistic

(see for example, Ali and Silver (1985, Eq. 2.2))

F =
n− 2p

p
× (β̂1 − β̂2)

′[σ2
1(X

′
1X1)

−1 + σ2
2(X

′
2X2)

−1]−1(β̂1 − β̂2)

(n1 − p)s2
1/σ

2
1 + (n2 − p)s2

2/σ
2
2

(21)

where n = n1 + n2, β̂i = (X ′
iX i)

−1X ′
iyi, and s2

i = 1
ni−p

(yi − X iβ̂i)
′(yi − X iβ̂i)

for i = 1, 2. Under H0, F has an exact F distribution with p and n − 2p degrees

of freedom. Under the alternative hypothesis, F is distributed as a noncentral F

with p and n−2p degrees of freedom and noncentrality parameter (see for example,

Conerly and Mansfield (1988, p. 815))

λ̃ = (β1 − β2)
′[σ2

1(X
′
1X1)

−1 + σ2
2(X

′
2X2)

−1]−1(β1 − β2) (22)

Note that in this case, knowledge of both σ2
1 and σ2

2 is needed for the computation

of the power for specified alternative values of β1 − β2. This situation is a gener-

alization of the classical Behrens-Fisher problem of testing equality of two means

when the population variances are different.

4 Design Criteria

The power of each of the multivariate tests - Roy’s largest root, Wilks’s likelihood

ratio, Hotelling-Lawley’s trace, and Pillai’s trace (to be described later) will be
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used as a design criterion. It is well known that the power is a monotone-increasing

function of the eigenvalues of the noncentrality matrix, Ω (see, for example, Roy et

al. (1971, p. 68)). As pointed out by Pillai (1977), the non-null distribution of the

Roy’s largest root has only been derived in finite or infinite series forms, involving

zonal polynomials, whose general terms are difficult to compute. In general, exact

power functions of the four multivariate tests are extremely difficult to obtain in

closed-form expressions. Since the power of Roy’s largest root test is below those

of the other three tests (see Pillai and Jayachandran (1967) and Muirhead (1982,

sec. 10.6.5)), we consider the power of the other three tests as design criteria. It

should be noted that no single test performed better than any of the other tests in

terms of power (see Khuri (1986, p. 351) and the references cited therein).

We now present asymptotic formulas that provide adequate approximations for the

power of three multivariate tests (see, for example, Khuri (1986)). From (10), the

null and the hypothesis can be written as H0 : GΓ = 0 and Ha : GΓ = ∆ where

∆ = 0.

4.1 Wilks’s likelihood ratio

The power of Wilks’s likelihood ratio under the alternative hypothesis Ha and at

a level of significance α is approximately given by (see, for example, Khuri (1986,

Formula 3.3))

Pr(−δ logΛ > τW (α)|Ha) = Pr(χ2
f (σ1) > τW (α))

- 1
4δ

(r + p + 1)σ1 Pr(χ2
f+2(σ1) ≤ τW (α))

- [(r + p + 1)σ1 − σ2] Pr(χ2
f+4(σ1) ≤ τW (α))

- σ2 Pr(χ2
f+6(σ1) ≤ τW (α))

where δ = n− ρ− 1− (r − p− 1)/2, Λ = [det(Se)]/[det(Se + Sh)], τW (α) denotes

the upper 100α% point of −δ logΛ under the null hypothesis H0, f = (r−1)(p+1),

σ1 = tr(Ω), σ2 = tr(Ω2), Ω is the noncentrality parameter matrix defined as above

and χ2
f (σ1) denotes the noncentral chi-squared variate with f degrees of freedom
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and noncentrality parameter σ1.

4.2 Hotelling-Lawley’s trace

The power of Hotelling-Lawley’s trace under the alternative hypothesis Ha and at

a level of significance α is approximately given by (see, for example, Khuri (1986,

Formula 3.4))

Pr((n− ρ− 1)U > τH(α)|Ha) = Pr(χ2
f (σ1) > τH(α))

- 1
4(n−ρ−1)

(p + 1)(r − 1)(p− r + 1)σ1 Pr(χ2
f (σ1) ≤ τH(α))

+ 2(p + 1)[σ1 − (p + 1)(r − 1)] Pr(χ2
f+2(σ1) ≤ τH(α))

+ [(p + 1)(r − 1)(p− r + 1)− 2(2p + r + 2)σ1 + σ2] Pr(χ2
f+4(σ1) ≤ τH(α))

+ [2(p + r + 1)σ1 − 2σ2] Pr(χ2
f+6(σ1) ≤ τH(α))

+ σ2 Pr(χ2
f+8(σ1) ≤ τH(α))

where U = tr(ShS
−1
e ) is Hotelling-Lawley’s trace, τH(α) denotes the upper 100α%

point of the statistic (n− ρ− 1)U , f , σ1, and σ2 are the same as defined above.

4.3 Pillai’s trace

The power of Pillai’s trace under the alternative hypothesis Ha and at a level of

significance α is approximately given by (see, for example, Khuri (1986, Formula

3.5))

Pr((n− ρ− 1)V > τP (α)|Ha) = Pr(χ2
f (σ1) > τP (α))

- 1
4(n−ρ−1)

(p + 1)(r − 1)(p− r + 1)σ1 Pr(χ2
f (σ1) ≤ τP (α))

+ [2r(p + 1)(r − 1) + 2(p + 1)σ1] Pr(χ2
f+2(σ1) ≤ τP (α))

+ [−(p + 1)(r − 1)(p− r + 1) + 2rσ1 + σ2] Pr(χ2
f+4(σ1) ≤ τP (α))

- 2(p + r + 1)σ1 Pr(χ2
f+6(σ1) ≤ τP (α))

- σ2 Pr(χ2
f+8(σ1) ≤ τP (α))

where V = tr[Sh(Sh+S−1
e )−1], τP (α) denotes the upper 100α% point of the statistic
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(n− ρ− 1)V , f , σ1, and σ2 are the same as defined above.

5 Quantile Dispersion Graphs

The performance of a given test is usually measured by its power value under some

alternative hypothesis. In this section, we illustrate how the power of a statistical

test can be used to compare designs for several correlated response models. The

power depends on r (number of responses), the degrees of freedom of Sh and Se, α

(level of significance), and the noncentrality parameter matrix Ω only through its

eigenvalues. The construction of designs for these models would therefore require

some prior knowledge of Ω. This design dependence problem is also a common

feature of designs for variance component estimation, and for designs for nonlinear

models, including generalized linear models. There are several approaches to dealing

with this design dependence problem, namely, the use of locally optimal designs, the

sequential method, the Bayesian methodology, and the use of quantile dispersion

graphs (QDGs). The last approach is a graphical technique used for comparing

designs, and is a key part of our proposed methodology. For an overview of the

first three approaches and a detailed discussion regarding the QDG approach, see

Khuri (2003), Saha and Khuri (2006a), and the references mentioned therein.

Khuri (1997) first introduced the QDG approach to circumvent the design depen-

dence problem when the design criterion depends on unknown parameters. In this

approach, the distribution of a criterion function is determined in terms of its quan-

tiles. Plots of these quantiles depend on the design used and on the true values of

the model’s unknown parameters. For a given design, the dependence of a partic-

ular quantile on the values of the unknown parameters is assessed by computing

the maximum and minimum of the quantile over the parameter space of the un-

known parameters. Plots of the resulting maxima and minima produce the so-called

quantile dispersion graphs (QDGs).

The noncentrality parameter matrix Ω depends on the design through the matrix
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Z = (1n : X), Σ and GΓ = ∆. It should be noted that in order to implement

the QDG approach, we need to construct confidence intervals for the elements of

Σ. In addition, the specification of the so-called alternative space for ∆ will be

needed. We refer to the example (given later) and computation details for a better

understanding of the key steps involved in this approach. Also, refer to Saha and

Khuri (2006b) to have a better understanding of the use of parameter space and

alternative space.

5.1 Simultaneous Confidence Intervals on the elements of
Σ

In order to obtain simultaneous confidence intervals on the elements of Σ, we adopt

the following procedure given in Seber (1984, Sec. 3.5.7). Let us write Σ = ((σjk)).

By defining Q =
∑r

i=1(yi − y)(yi − y)′, where y = 1
n

∑n
i=1 yi, it can be easily

shown that L ≤ l′Ql
l′Σl

≤ U , for all nonzero l, if and only if L ≤ γmin ≤ γmax ≤ U ,

where γmin and γmax are the minimum and maximum eigenvalues, respectively, of

QΣ−1. The readers are referred to Seber (1984, Sec. 3.5.7) in order to have a

better understanding about the choice of the values of L and U .

Choosing L and U such that P [γmin ≥ L] = α/2 and P [γmax ≤ U ] = α/2, we get

1 − α = P [
l′Ql

U
≤ l′Σl ≤ l′Ql

L
]. Setting l equal to (1,0,...,0), (0,1,...,0), and so

on, we obtain the following intervals for the variances and covariances, namely, σ11,

σ22,....., σrr and σ12, σ13,....., σ(r−1),r:
qii

U
≤ σii ≤ qii

L
for i = 1, 2, ..., r and

qij

U
+ (qii + qjj)(

1
U
− 1

L
) ≤ 2σij ≤ qij

L
+ (qii + qjj)(

1
L
− 1

U
) for i < j = 1, 2, ..., r,

where qij = (i, j)th element of Q.

5.2 An Alternative Space for ∆ = GΓ

Let δ = vec(∆), where vec(.) is a matrix operator (see Searle (1982, pp. 332-

333)) which stacks the columns of the matrix, ∆ one under the other to form a
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single column. This technique was used by Valeroso and Khuri (1999, p. 163).

In order to construct an alternative space for δ = (δ1, ..., δq)
′, which is a subset of

Rq, one can select δ points that fall on a hypersphere of radius τ . Note that here

q equals the product of the number of columns and rows in the matrix ∆. For

example, if ∆ is a 3× 2 matrix, then q = 3× 2 = 6. Let Tτ denote the surface of

such a hypersphere. The points on Tτ depend on only q− 1 independent variables.

Using, for example, the spherical coordinates associated with δ1, ..., δq, we obtain

the following equations (see Khuri et al. (1996), Saha and Khuri (2006b))

δ1 = τ cos φ1

δ2 = τ sin φ1 cos φ2

...

δq−1 = τ sin φ1 sin φ2 · · · sin φq−3 sin φq−2 cos φq−1

δq = τ sin φ1 sin φ2 · · · sin φq−3 sin φq−2 sin φq−1

where φ1, ..., φq−1 are angles chosen independently such that 0 ≤ φi ≤ π for i =

1, 2, ..., q − 2, and 0 ≤ φq−1 ≤ 2π. In order to generate points on Tτ , φ1, ..., φq−1

are chosen randomly from independent uniform distributions, namely, U(0, π) for

φ1, ..., φq−2 and U(0, 2π) for φq−1. We can obtain several alternative values for δ by

varying the value of τ .

6 Example

To illustrate our proposed methodology let us consider an example of a repeated

measures design given in Kuehl (2000, p. 514). It is based upon an experiment con-

ducted to determine the effects of X1 = soil compaction and X2 = soil moisture on

the soil microbes activity. Treated soil samples are placed in airtight containers and

incubated under conditions conducive to microbial activity. The microbe activity

in each soil sample was measured as the percent increase in the production of CO2

above atmospheric levels. The design used to generate the data was a 3× 3 facto-

rial with three levels of soil compaction and three levels of soil moisture. For each

12



treatment, two replicate soil container units were prepared and CO2 evolution/kg

soil/day was recorded on three successive days giving the response values y1, y2 and

y3. Table 1 gives the data for each soil container unit and Table 2 shows the coded

variables (obtained by subtracting the mean, and then dividing by the standard

deviation) of Design 1 and 2, which represent the initial design and a randomly

generated design within the region of experimentation, respectively (also, see Fig

1). The QDGs help in comparing these two designs based on the power of the three

multivariate tests. The program used to generate the QDGs is written using the R

language. High values of the power are obviously desirable. All the three figures,

namely Figure 2, Figure 3 and Figure 4 show that the maximum quantiles of D1

are above those of D2, for τ = 2. For τ = 0.1 and 1, maximum quantiles of D1 are

either above or same as those of D2. Hence, D1 is preferred over D2.

7 Conclusion and Future Remarks

In a series of articles, Khuri (1992, 1996) considered the analysis of response surface

models with random block effects in situations involving a single response. A mul-

tiresponse experiment, by definition, is one which involves a number of responses

measured for each setting of a group of control variables. In many cases, the subdi-

vision of experimental units into blocks necessitates the addition of block effects to

the multirepsonse surface model. The modeling of a multiresponse experiment with

random blocks (Valeroso and Khuri (1999)) is a sequel or an extension of Khuri

(1992, 1996) in the multiresponse case. Saha and Khuri (2006a, 2006b) compared

designs for response surface models with random block effects using the scaled pre-

diction variance and the power of a statistical test as design criteria. Their approach

involved the use of QDGs. We intend to extend our proposed methodology to ad-

dress the problem of comparison of designs for multiresponse models with random

block effects.
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Table 1: Design 1 - original variables along with responses
X1 X2 y1 y2 y3

1.10 0.10 2.70 0.34 0.11
1.10 0.10 2.90 1.57 1.25
1.10 0.20 5.20 5.04 3.70
1.10 0.20 3.60 3.92 2.69
1.10 0.24 4.00 3.47 3.47
1.10 0.24 4.10 3.47 2.46
1.40 0.10 2.60 1.12 0.90
1.40 0.10 2.20 0.78 0.34
1.40 0.20 4.30 3.36 3.02
1.40 0.20 3.90 2.91 2.35
1.40 0.24 1.90 3.02 2.58
1.40 0.24 3.00 3.81 2.69
1.60 0.10 2.00 0.67 0.22
1.60 0.10 3.00 0.78 0.22
1.60 0.20 3.80 2.80 2.02
1.60 0.20 2.60 3.14 2.46
1.60 0.24 1.30 2.69 2.46
1.60 0.24 0.50 0.34 0.00
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Table 2: Design 1 and 2 - Coded Variables
Design 1 Design 2
x1 x2 x1 x2

-1.08 -1.14 -0.34 -0.36
-1.08 -1.14 0.91 0.83
-1.08 0.29 0.50 -0.13
-1.08 0.29 -0.32 0.00
-1.08 0.86 0.76 0.64
-1.08 0.86 -0.87 -0.78
0.12 -1.14 0.63 -0.54
0.12 -1.14 0.00 0.74
0.12 0.29 0.43 0.26
0.12 0.29 0.17 -0.67
0.12 0.86 0.10 -0.39
0.12 0.86 0.28 0.78
0.92 -1.14 -0.17 -0.82
0.92 -1.14 0.59 0.55
0.92 0.29 -0.80 -0.13
0.92 0.29 0.13 0.54
0.92 0.86 -0.69 -0.92
0.92 0.86 -0.36 0.45
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Figure 1: Plot of the design points
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Figure 2: QDGs of the power function for D1 and D2 (based on Wilks’ Likelihood
Ratio)
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Figure 3: QDGs of the power function for D1 and D2 (based on Hotelling-Lawley’s
Trace)
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Figure 4: QDGs of the power function for D1 and D2 (based on Pillai’s Trace)
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